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In this paper we consider a region of damage as a region of the 
material in which the elastic constants have substantially smaller values 
than in the undamaged state. The reduction of the elastic constants may 
be due to void distributions, zones of plastic deformation, microcracking 
and other generally continuous distributions of inhomogeneities which 
have a deleterious effect on the stiffness and presumably also the local 
strength of the material. 
If the zone of damage is localized, it is equivalent to a low moduli 
inhomogeneity in an otherwise homogeneous elastic solid. In that case 
the damaged region can be detected and its effect on the overall strength 
of the body can be assessed by ultrasonic methods, as discussed in general 
terms in this paper. 
From the mathematical point of view this work is concerned with 
scattering by an inhomogeneity which is contained in an infinite isotropic 
elastic material. The inhomogeneity is of general shape, it is elastic 
anisotropic and it is the scatterer of incident plane elastic waves. The 
integral representation of the scattered field is obtained for relatively 
large wavelengths as compared with the size of the scatterer, and at 
large distances from the scatterer. For a given scattered field the 
inverse problem is subsequently formulated as a nonlinear optimization 
problem. Its solution gives the location of the centroid of the 
scatterer, its force vector and moment tensor. In addition, the inter-
act ion energy between the material and the inclus ion is obtained for a 
complementary static stress state. This latter result has direct 
relevance to failure conditions in the material under service conditions. 
FORMULAT ION OF THE DIRECT PROBLEM 
An anisotropic elastic inhomogeneity of general shape and of volume 
V is contained in an unbounded homogeneous isotropic elastic so*id. The 
density and elastic constants of the inhomogeneity are p* and Ciikt , 
respectively, while those of the host material are p and Cijkt where in 
terms of Lame's elastic constants: 
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(1) 
+ The position vector of a point inside the inhomogeneity is given by ~, 
+ -
while x is the position vector of a point outside the inhomogeneity. The 
origin of the Cartesian coordinate system is chosen to coincide with the 
centroid of the inhomogeneity, i.e., 
J ~i dV ~ = O , i = 1,2,3 . 
V 
(2) 
A plane time-harmonic displacement wave, whose spatial dependence is 
1 + defined by ui(x), is incident upon the inhomogeneity. The components 
S + 
of the scattered displacement field, u.(x), in the frequency domain may 
then be written as [1,2] ~ 
(3a) 
where 
(3b) 
(3c) 
(3d) 
. (3e,f) 
In (3a)-(3f), w is the angular frequency of the fields, R = I;-!I and 
~ = w/c , ~ = w/c , cL and c being the longitudinal and transverse wavespeeăs, respectIvely, in tfle host material. Repeated indices imply 
summation. 
It may be shown that under the assumptions 
af I a2f(!) I a 2 (kTa) ~ + a« f(O) « f(O) 
i ~=O al;i al;j t=O (4,5) 
I+xl r = » a , (6,7) 
Eqs.(3a)-(3f) reduce to 
(Ba) 
( Bb) 
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(8e) 
-+-
where G. (x) is l.m 
-+- -+--+-given by Eqs.(3b,c,d) with 1; = o, and y = x/r with 
r = Iii. 
as wel1. 
-+-It was also assumed that m k(1;) of Eq.(3f) satisfies Eqs.(4,S) 
Equation (8a) represents tRe scattered field as the sum of two 
-+-
terms. The first term is the field at x due to forces located at the 
centroid of the inhomogeneity and of strength F (force vector). The 
m 
-+-
second term is the field at x due to double forces at the centroid of 
the inhomogeneity and of strength Mmk (moment tensor). Previous 
studies [3,4]assumed that ka « 1 and kr » 1. This is a more restrictive 
assumption than Eqs.(6,7). Consequently, their expression for the 
scattered field does not include the full expressions for G. and l.m 
dG. /dXk as given by Eqs.(3c,d;8b,c), since they assumed l/kr = O. l.m 
Having formulated the direct problem, the solution of the inverse 
problem may now be obtained as will be shown in the next section. 
METHOD OF SOLUTION OF INVERSE PROBLEM 
A nondestructive test yields data for the scattered field. Of 
course, the physical properties of the host material are known. The 
purpose of the test is to "characterize" the inhomogeneity, ie., to 
determine its location as well as its volume and elastic constants, or 
more preferably to determine its effect on the overall strength of the 
component. It has been shown in an earlier study [4] that one cannot 
determine independently the volume and elastic constants of the in-
homogeneity, for long wavelengths such as considered in this study. 
In this section, Eqs.(8) are used to determine the location of the 
-+-
centroid of the inhomogeneity, i.e. x, as well as the force vector F and 
the moment tensor Mmk . The method of solution is described in what m 
follows. 
where 
At first, we redefine Mmk of Eq.(8e) as 
* Mmk = Cmkij Eijlt=o V 
* (Cmkij-CmUj) 
(9) 
(10) 
Equation (10) is the necessary and sufficient condition for the equiva-
lency of an inhomogeneity and an inclusion[S]. The reason Eq.(9) is used 
will be explained later. Substitution of Eq.(9) in Eq.(8a) gives 
S -+- -+- dGim * 
u. (x) = G. (x) F + -~ - C kn· E n .1 V· l. l.m m aXk m "'J "'J t=O 
(11) 
Equation (11) is the partial equivalent representation of the scattered 
displacement. The vector-matrix form of Eq.(ll) is 
39 
S {u (x)}6x1 * "* * [L (x)]6x18 {p } l8x1 ' (12) 
where, considering its real and imaginary parts, the scattered displace-
ment vector {uS} has 6 components. Similarly, the force vector and the 
* integrated strain tensor that are included in {p } add up to a total of 
* 18 components, since E~j has 6 complex independent components. 
The ith equation of Eq.(12) in complex form is 
S * {ui } = [Gil Gi2 Gi3 Qill Qi12 Qi13 Qi22 Qi23 Qi33] {p } , (13a) 
where 
(13d, e) 
Qi33 = (A+2p )Gi3 ,3 + A(Gil ,l + Gi2 ,2) (13f,g) 
(13h,i) 
Equation (12) therefore defines a set of 6 nonlinear equations for 21 
"* "** unknowns (3 components of vector x, and 18 components of vector P ). 
This is an underdetermined system of nonlinear equations. To obtain a 
unique solution the system has to be determined or overdetermined. Since 
"** "* the components of vector P are independent of x, additional equations 
can be obtained from other observat ion points. For the present problem 
the data u~ is needed at 4 different observat ion points. We then have 24 
equations ănd 21 unknowns. 
The first step to solve the overdetermined system of nonlinear 
"** equations is to eliminate the unknown vector P and to subsequently 
"* solve for x. However, an inspection of Eq.(12) reveals that the left 
* "* inverse of [L (x)] does not exist (rows more than columns). Thus to 
"** solve for P one needs to consider the data in 3 observat ion points 
simultaneously. This gives 
[ S("*l) S("*2) S("*3)]T _ [A*("*l)] {p*} 
u x u x u x l8x1 - x 18x18 18x1 
Equation (14) can be formally inverted: 
{p*} = [A*(~l)]-l [uS(~l) uS(~2) uS(~3)]T 
(14) 
(15) 
Substitution of Eq.(15) in Eq.(12) for the 4th observat ion point gives 
{ S "*4} _ *"*4 *"*1 -1 S"*l S"*2 S"*3 T u (x ) 6x1 - [L (x )]6x18 [A (x )]18x18 [u (x ) u (x ) u (x )]18xl' (16) 
The solution of the inverse problem has therefore been reduced to the 
solution of Eq.(16). This is a system of 6 nonlinear equations and 3 
unknowns (xi,x~,x1), since the relationship between ~1,~2,~3,~4 is known. 
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To solve the nonlinear optimization problem defined by Eq.(16) the 
+ 
following 6 residuals, g.(x), are defined 
~ 
{g(~1)} = {uS(~4)} _ [L*~4)][A*(~1)]-1 [uS(~1) uS(~2) uS(~3)]T. (17) 
The residuals g.(~1) are now minimized in the least squares sense with 
~ 
+1 
respect to x , i.e., we seek 
Min 
6 
E 
~1 i=l 
(18) 
Equations (17,18) define a nonlinear least squares problem. Its solution 
is obtained through use of a modification of the Levenberg-Marquardt 
algorithm as outlined in the User-Guide for MinPack [6]. The solution 
so obtained is the unknown ~ = (xi,x~,x~). 
In performing the initial numerical calculations it was found that the 
solution was identical to the initial guess used for ~1, when Eq.(9) was 
+4 +1-1 
not used. This happened because the Jacobian of L(x )[A(x)] was zero. 
Redefinition of L(~4) and [A(~1)]-1 to L*(~4) and [A*(;1)]-1 through use 
of Eq.(9) gave the correct solution ~1 Substitution of ~1 in Eq.(13h) 
* gives {p}. In turn, Eq.(9) gives Mmk • 
NUMERICAL RESULTS 
Several numerical experiments were performed to test the validity of 
the method of solution of the inverse problem. One of the calculations 
was carried out for a spherical inclus ion of an isotropic material, with 
* * v = v = 0.3, A - A = -.5A. The mass density of the inclusion was taken 
equal to that of the host material, which implies that F = O. The 
m 
incident displacement field was taken as a longitudinally polarized wave. 
At the position of the inclus ion the incident wave was considered as a 
plane wave of amplitude Uo and wavenumber ~, propagat ing along the x3 
direction. 
To obtain the position of the centroid of the inhomogeneity, together 
with the components of the moment tensor, M k' the scattered displacement 
field is needed at 3 observation points. F~r the present purpose, 
synthetic data was obtained by using the solution to the direct problem 
given by Eq.(8). Several values of ~a (a is the radius of the sphere) 
were considered, the largest being ~a = 0.6. By using the quasi-static 
values of the strain inside the inclusion, the components of the moment 
tensor Mmk of the spherical inhomogeneity were found to be linear functions 
of ~a. Subsequent use of Eq.(8) provided the synthetic data for the 
inverse problem. The actual values of lusl/u are very small. This does 
not affect the mathematical process of inversiog, but it does of course 
have implications for the practical applications of the method, as 
discussed briefly in the concluding section of this paper. 
The synthesized data was used to solve the inverse problem as 
explained in the preceding section. The position of one of the observation 
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points was obtained as well as the moment tensor of the inhomogeneity. 
The match with the actual values was found to be excellent. Numerical 
tests were also performed on the stability of the solution. It was 
established that errors in the scattered data cause errors of the same 
order in the location of the inhomogeneity and in the average of the 
components of the moment tensor. Therefore, the solution of the 
inverse problem is stable. 
STRENGTH CONSIDERATIONS 
In this study, scattering data from a nondestructive test was used 
as input, and the inverse problem was subsequently solved to obtain the 
position of the centroid of the inhomogeneity and its moment tensor. It 
is, however, of practical importance to relate the inverse problem 
solution to an actual service situation, for example, to a static state 
of stress. For this reason, the incident field for the nondestructive 
test should be such that in the limit of zero frequency there will be 
a nonzero applied stress. This is achieved by redefining the incident 
displacement field for an incident longitudinal wave propagat ing in the 
z-direction as 
1 o ikLz u 
u i~ e z 
Then 
lim 1 o Cij33u o ~+O a .. a .. 1.J 1.J 
Analogously, and also motivated by the fact that for a spherical 
inhomogeneity the moment tensor is linearly proportional to frequency 
for small frequencies, we define 
lim Mmk 
k+O ik 
(19) 
(20) 
(21) 
s 
where Mmk is the low frequency limit obtained from the Mmk solved for in 
the inverse problem. 
It can be shown [7] that the interaction energy, ~W, i.e., the change 
in the total potential energy (Gibbs free energy) caused by the presence 
of the inhomogeneity, is 
(22) 
This interaction energy can be computed from the solution of the inverse 
problem based on data from a nondestructive test. For a static service 
situation defined by a far field ~~., the interaction energy (~W) ,of 
1.J ss 
the actual service situation, is related to ~W by 
o -1 o 
a . . C .. k" ak " 1.J 1.] N N 'W 
o -1 o '-' • 
~ijCijk!i,~k!i, 
(~W) 
ss 
(23) 
Therefore, for a service situation, (~W)ss can be calculated via Eq.(23) 
and the results obtained in this study from the solution of the inverse 
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problem. It may be expected that the magnitude of (~W)ss has direct 
relevance to failure of the material. 
CONCLUDING COMMENTS 
The success of the proposed inverse method depends on the availability 
of suitable low frequency scattering data. Appropriate signal processing 
of experimental time-domain measurements will give frequency domain data. 
In the low-frequency range it may, however, be necessary to fit the dis-
placement data with a curve of the general form ckÎ, to improve the 
accuracy. It should also be noted that for an inhomogeneity of lower 
stiffness than the host material, an incident p1ane wave produced by a 
regu1ar transducer wi11 generate a very sma11 scattered fie1d. This is 
primarily due to the geometrical attenuation caused by the term a/ro The 
disp1acements tend to be particu1ar1y sma11 in the p1ane perpendicular 
to the ray connecting the point of observation and the centroid of the 
inhomogeneity. The scattered displacement magnitude can, however, be 
amp1ified considerab1y by the use of a focused transducer. But even then 
only the radial disp1acement component may be usefu1. In that case the 
number of observation points would have to be trip1ed to make up for the 
1ack of transverse disp1acement data. This would have to be done in any 
event if a water-bath configuration wou1d be used. 
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